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On a Pursuit Game on Cayley Digraphs 
Y AHYA OULD HAMIDOUNE 
We consider a pursuit game on Abelian Cayley digaphs. We obtain a bound for the number of 
pursuers necessary to catch one evader. We prove in the Abelian undirected case that r~l pursuers 
can catch the evader, where k is the degree. 
1. INTRODUCTION 
The pursuit game on a graph has been introduced by A. Quilliott [6] and solved in the 
case p = 1. The general case has been considered by Aigner and Fromme in [1]: p pursuers 
try to catch one evader on a connected finite graph G according to the following rules. First 
the p pursuers occupy some vertices of G (a vertex may be occupied by more than one 
player). Then the evader occupies an arbitrary vertex of G. After that the players move 
alternately along edges of G (one player can stay at the same place). The minimum number 
of pursuers necessary to catch one evader is denoted by p(G). The game is of complete 
information. In particular, the pursuers coordinate at each moment of their moves. 
We recall the definition of a Cayley graph. Let H be a finite group and S c H - 1 such 
that S = S-I . Then the Cayley graph C(H, S) = (H, E) is defined by E = {{x, y} I X-I YES}. 
We shall write sometimes (H, S) instead of C(H, S). We note that C(H, S) is a regular graph 
of degree lSI. 
The graphs G such that p(G) = 1 are characterized by Quilliot [7]. Aigner and Fromme 
asked if p(G) ~ k, where k is the maximum degree of G. Andreae showed that for every k 
and n (k ~ 3) there is a k-regular graph G with p(G) ~ n. We show here that for a connected 
Cayley graph G defined on an Abelian group, of degree k, p(G) ~ r~l. Our bound improves 
slightly the bound k obtained by Frankl in [3]. 
Maamoun and Meyniel proved that p(Hn) = l~J + 1 [4], where Hn is the graph of the 
n-cube. But Hn is the Cayley graph on Z2 defined by the canonical basis. We prove that 
p(G) ~ l~J + 1, for every connected Cayley graph G defined on Z2 with degree k. The 
equality is not always satisfied. We note that Maamoun and Meyniel obtained the result on 
Hn as a corollary for a more general result on the Cartesian sum of n trees [4]. 
We also consider the pursuit game on digraphs. Many results are stated in this more general 
context. In particular we show that p(G) ~ k + 1, for a strongly connected Abelian Cayley 
digraph of out degree k. This bound is the best possible. 
2. PuRSUIT GAMES IN DIGRAPHS 
One evader E and p pursuers play on a strongly connected digraph. The rules are the same 
as in the undirected case (each player moves along one edge in the prescribed direction). Let 
G be an undirected graph and G* be the digraph obtained by replacing the every edge by two 
opposite arcs. It is clear that the pursuit game on G is equivalent to the pursuit game on G*. 
We define p(G) as in the undirected case. 
The digraphs K2,2 and T3 are shown in Figure 1. 
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The following result is an adaptation of a result of Aigner and Fromme [I]. 
PROPOSITION 2.1. (Aigner and Fromme [I]). Let G be a strongly connected digraph 
without 1(2,2 or T3 • Thenp(G) ~ min(d+(x), x E G). 
The proof is the same as that given by Aigner and Fromme in [I]. It is similar to the proof 
of Proposition 2.2 below. This proposition is based on the same idea of Aigner and Fromme 
[1]. 
PROPOSITION 2.2. Let G be a strongly connected anti-symmetric digraph without 1(2.2 or 
T3 • Then 
p(G) ~ min (d+ (x) : x E G) + I 
PROOF. Suppose that the evader E is caught by PI' P2 , ••• , Pk' Let Yo be the last 
position of E before that he looses. Let r+ (Yo) = {YI' Y2, ... ,yJ. Let XI' X2 , ••• , Xk 
be the positions of PI' P2' ... , Pk at the same moment. Since E looses, we have 
k 
{Yo,y.,·· .y.} c U (r+(Xi) U {Xi})' 
i=1 
But I({xi } U r+(xi )) n {Yo, YI"'" y.}1 ~ 2 implies that G contains 1(2,2 or T3 • It 
follows that k ~ s + I ~ min (d+ (x), x E G) + 1. 
LEMMA 2.3. Let G be a strongly connected and anti-symmetric digraph. Then p(G) ~ 2. 
PROOF. We give a winning strategy for E against one pursuer P. 
(l) Let P(O) be the initial position of P. The initial position of E is any element of r- (P(O)). 
(2) If P moves from a position P(t) to another, E occupies the position P(t). 
We recall now the definition of a Cayley digraph. Let H be a group and S c H - {I}. 
We define C(H, S} = (H, E) by the relation E = {(x, y)lx-ly E S}. 
EXAMPLE I. Let n, r be two natural numbers such that I ~ r ~ n. Then 
p(Zn' {I, 2, ... , r}) ~ 2. 
A winning strategy for PI and P2 is the following. PI waits and P2 moves along a shortest 
directed path from its position to E. After a certain time one of the players PI or P2 will 
catch E. 
EXAMPLE 2. Let n, r be two natural numbers such that I ~ r < }. 
p(Zn' {-r, ... , -I, I, ... , r}) ~ 2. 
The above strategy works. 
3. FIRST PROPERTIES 
Let H be a group and S c H. The subgroup generated by S will be denoted by <S). 
LEMMA 3.1. Let H be a group and S c H - I. Then the strongly connected components 
of (H, S) are the left cosets modulo <S). Each strongly connected component of (H, S) 
generates a digraph isomorphic to «S), S). 
The proof is obvious. 
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In particular (H, S) is connected if and only if <S) = H. 
From now on, we consider the pursuit game on an Abelian Cayley digraph (H, S). We 
shall denote the evader by E and the pursuers by PI> P2 , •••• The tth position (after t 
moves) of a player X will be denoted by X(t). We put 6 (t)X = X(t + 1) - X(t). We have 
the relations 
X(t + 1) =, X(t) + 6 (t)X and 6 (t)X E (SU{O)). 
PROPOSITION 3.2. Let H be afinite Abelian group, S c H - 0 be a generating subset of 
Hand S = S] U S2 a partition of S. 
Then p(H, S) ~ p(H] , S]) + P(H2' S2), where Hi = <S), i = 1,2. 
PROOF. Take a = p(H], S]) and b = P(H2' S2)' We shall describe a strategy for a + b 
pursuers for catching E. 
(A) a pursuers catch E modulo <S]). 
We define a fictious evader E' as follows: 
(a) E'(O) = E(O) , 
(b) 6 (t)E' = 6 (t)E, if 6 (t)E ¢ S]' 
(c) 6 (t)E' = 1, if 6 (t)E E S], 
We see easily that E'(t) == E(t) mod <S]), for every t. But E' moves on E(O) + <S2) 
which is, by Lemma 3.1, a strongly connected component of(H, S2) isomorphic to (H2' S2)' 
Therefore one of the pursuers say p] catches E' at a certain to. It follows that 
E'(to) = p] (to)· 
Therefore p] (to) == E(to) mod <SI)' 
The pursuer p] from now on plays exactly the same moves as E, the relation 
PI (t) == E(t) mod <S]) is still satisfied. We repeat the same strategy a times. For a certain 
t] we will have 
(1) 
(B) t ~ t] 
The relations (1) show that PI, P2 , ••• ,Pa , E are on the same strongly connected 
component of (H, S]). They apply the following strategy: 
(a) 6 (t)~ = 6 (t)E, 1 ~ i ~ a, 6 (t)E ¢ S]. 
After such a move PI' P2 , ••• , E moves to another strongly connected component of 
(H, S]) isomorphic to (H], Sd by Lemma 3.1. 
(b) If 6 (t)E E S], p], P2, ... Pa apply the strategy on (H], S]) to catch E (translated to 
the appropriate strongly connected component). 
By (b) we see that l{tl6 (t)E ESdi must be bounded by the number of moves necessary 
to catch E on (HI' S) otherwise E is caught by p], P2 , ••• , Pa • 
(C) The other pursuers P;, P;, ... , Pb force E to play an element of S] (i.e. 6 (t)E E S] 
for some t ~ t2)' 
First P;, P~, ... , Pb move to the strongly connected component of (H, S2) containing E. 
Then they apply the strategy on (H2' S2) for catching E. This forces 6 (t)E E S], for some t. 
The repetition of (c) contradicts that l{tI6(t)EE Sdl is bounded. 
LEMMA 3.3. Let H be afinite Abelian group, S c H - 0 be a generating set of H. Then 
p(H, S) ~ lSI + 1. 
PROOF. The proof is by induction. The result is obvious for lSI = 1. 
Suppose it is true for lSI < k. Let lSI = k. Let s E S. We describe briefly a strategy for 
k + I pursuers. 
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At to, one pursuer P catches E modulo s. Hence 
P(to) = E(to) + ms, mEN. 
(1) P will apply the following strategy; 
(a) l-, (t)P = l-, (t)E, if l-, (t)E =f. s; 
(b) l-, (t)P = 1, if l-, (t)E = s. 
After (b), we have P(t) = E(t) + (m + I)s, then E is caught by P if I{ t ~ tol l-, (t)E = 
s} I > p(s) - 2, where p(s) is the period of s. 
(2) The k - 1 other pursuers catch E on a strongly connected component of (H, S - s) 
which is isomorphic to «S - s), S - s). This forces E to play s, and E will be caught by 
(1) or by (2). 
It follows that p(H, S) ~ lSI + 1. 
This bound is clearly the best possible for lSI = 1. Using Proposition 2.2, we can 
construct examples for all values of lSI. 
Using a construction of Margulis [5], Frankl showed in [3] that for every n, k ~ 2, there 
exists a Cayley graph G = (V, E) of degree 2k such that I VI ~ nand p(G) ~ nlog (2k-I)C/8, 
where c is constant depending only on k. This result shows that Proposition 3.2 and Lemma 
3.3 are not valid in the non-Abelian case. 
4. PuRsmT GAME on CAYLEY GRAPHS 
Let H be a group, s c H such that S = S- I. The Cayley digraph (H, S) is a symmetric 
digraph. We will identify it with the Cayley undirected graph defined in the introduction. 
LEMMA 4.1. Let H be an Abelian group, S c H - 0 a generating subset of H such that 
S = - S and lSI = 4. 
Then p(H, S) ~ 3. 
PROOF. We shall describe a strategy for PI' P2 , P3 to catch E. 
Case 1. There is s E S such that s = - s. Since IS u - SI = 4, there is rES - s such 
thatr= -r. 
(A) One of the pursuers say PI catches e modulo < {s, r}) at to. (This can be done as in 
the proof of Proposition 3.2.) Observe that the components of (H, S - {s, r}) are cycles. 
A.I E(to) = PI (to) + r + s (1), PI applies the following strategy. 
(a) l-, (t)P I = l-, (t)E if l-, (t)E t. {r, s}. Therefore relation (1) is still satisfied. 
(b) PI catches E if l-, (t)E E {r, s} [this is possible by (1)]. 
It follows that l-, (t)E t. {r, s}. Then E moves on a cycle. P2 and P3 can catch him on this 
cycle. 
A.2 E(to) = PI (to) + r. (2) 
(The other case is similar). PI applies the following strategy. 
(a) If l-, (t)E t. {r, s} then l-, (t)P I = l-, (t)E. 
(b) If l-, (t)E = r then PI catches E. 
(c) If l-,(t)E = s then l-,(t)P I = 0, and A.2 reduces to A.1. 
It follows that E looses if l-, (t)E E {r, s} for some t ~ to + 1. To avoid this, E is forced 
to move on a cycle. P2 and P3 can catch him (observe that the graph (H, S) is connected). 
Case 2. S = {r, - r, s, - s} r =f. - r =f. s =f. - S. PI> P2, P3 apply the following 
strategy. 
(A) One of the pursuers, say PI> catches E mod s at to. We have 
k ~ O. (3) 
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We shall describe a strategy for decreasing k by 1 in (3). This implies that E looses. 
Assume that for a certain value k, E can avoid this. We have I'::. (to)E #- - s, otherwise 
taking I'::. (to)P I = 0, we would have PI (to + 1) = PI (to) = (E(to) - s) - (k - l)s = 
E(to + 1) - (k - l)s. 
(a) if I'::. (t)E = s, then we take I'::. (t)P I = sand (3) is still verified. However, in this case 
E moves on a cycle, P2 and P3 can force him to play an element #- s. We may suppose 
I'::. (to) = r rf. {s, - s}. We take I'::. (to)P I = o. It follows that 
PI(tO + 1) = E(to + 1) - ks - r. (4) 
(B) PI applies the following strategy for t ~ to + I. 
(a) I'::. (t)P I = I'::. (t)E, if I'::. (t)E rf. { - r, - s}. Therefore (4) is still satisfied. 
(b) If l'::.(t)EE {-r, -s} then I'::. (t)P I = r + s + I'::. (t)E, and the value of k in (I) 
decreases by 1, a contradiction. 
We may assume that I'::. (t)E E {r, s}, for t ~ to + 1. 
(C) One of the remaining pursuers, say P2 , catches E modulo r (this can be done as in 
the proof of Proposition 3.2) at tl > to + 1. 
P2(t l ) = E(tl ) + k'r. 
This relation means that P2 and E lie on one cycle C. 
(D) For t ~ t l , P2 applies the following strategy. 
(a) If I'::. (t)E = s, them I'::. (t)P2 = s. 
After this, both P2 and E move to a cycle C' isomorphic to C. 
(5) 
(b) If I'::. (t)E = r, then I'::. (t)P2 = o. It follows that I{tll'::. (t)E = r}1 ~ p(r), otherwise P2 
catches E [p(r) is the period of r.] 
(E) P3 forces E to play r. Then P2 catches E, by (D) after some repetitions of (E). 
If I'::. (t)E = s for t ~ 1', then E describes a directed cycle. Since the whole graph is 
connected P3 can reach this cycle. But P3 can describe this cycle in the opposite direction 
[1'::.(t)P3 = -s]. Then P3 catches E, unless 1'::.(t)E = r, for some t > 1'. 
The lemma is proved. 
PROPOSITION 4.2 Let G be a connected Cayley graph of degree k defined on a Abelian 
group. Then p(G) ~ 2,for k ~ 3; p(G) ~ 3,for k = 4. 
PROOF. Lemma 4.1 shows that p(G) ~ 3 for k = 4. The result is obvious for k = 2. 
The proof for k = 3 is similar, but easier, to the proof of Lemma 4.1. 
THEOREM 4.3. Let G be a connected Cayley graph of degree k defined on an Abelian 
group. Then p(G) ~ r¥l 
PROOF. By Proposition 4.2, this result is true for k ~ 4. Let G = (H, S) where 
S = - S. There is a partition S = SI U S2, where SI = - SI, S2 = - S2, lSI I == 
o mod (4) and I S21 ~ 4. This is obvious if x#-- x for every XES (k even). It can be done 
easily in the other case. 
By Proposition 3.2 and induction 
ISII r IS21] r k] p(G) ~ P«SI), SI) + P«S2), S2) ~ 3 4 + 3 4 ~ 34" . 
We do not know if the bound r¥l is the best possible or not. 
Frankl proved in [3] that p(G) ~ k for any connected Abelian Cayley graph of degree 
k. Theorem 4.3 improves slightly this bound. 
Consider a field F of characteristic > 3. Let B = {el' e2' ... , en} be a basis of P, n ~ 5. 
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We can see easily that there is a unique cycle of length 4 containing two vertices at 
distance 2 in G = (r, B u - B) and that G contains no 3-cycles. An argument, similar to 
the proof of proposition 2.1 (or Proposition 2.2), shows that 
peG) ~ [inJ + 1 = l d~) j + I . 
Meyniel conjectures (private communication) that for circulant graphs the bound r~l in 
Theorem 4.3 can be replaced by l;J + 1, which would be the best possible, as shown by the 
above example. 
We are able to prove this conjecture for groups of the form Z~, n ~ 2. These groups are 
characterized by x + x = 0, for every x. 
THEOREM 4.4. Let S be a generating subset of ZZ. Then p(Z~, S) ::::; l~J + 1, where 
s = lSI. 
PROOF. We prove the following equivalent statement. 
Let G be a subgroup of Z~, S be a generating subset of G. Then peG, S) ::::; l~J + l. 
The result can be proved easily for lSI::::; 3. In any case it is a consequence of Proposition 
4.2. We shall prove it by induction. We give a strategy for l~J + 1 pursuers. Let rES. 
(A) One pursuer PI catches E modulo <r), at to: 
PI (to) = E(to) + r. 
We should have f., (to)E = s #- r, 0, otherwise E is caught by PI' We take f., (to)PI = O. 
It follows that 
E(t l ) = PI(tI) + r + s 
(B) PI applies the following strategy. 
(a) If f., (t)E ¢: {r, s}, f., (t)P I = f., (t)E, therefore (b) is still satisfied. 
(b) If f., (t)E E {r, s}, f., (t)PI = r + s + f., (t)E and E is caught by PI' 
(6) 
Therefore, we can assume f., (t)E E S - {r, s}, for every t ~ t l • It follows that E moves 
on a component of the Cayley graph (G, S - {s, r}). By Lemma 2.1, this component is 
isomorphic to «S - {s, r}), S - {s, rD. By the induction hypothesis, the remaining l~J 
pursuers can catch E on this graph. 
A special case of this result, when lSI = n, i.e. the ordinary graph of the n-cube, is proved 
by Maamoun and Meyniel [4]. 
We should conjecture the following generalization of Meyniel's conjecture given above. 
CONJECTURE. Let G be a connected Cayley graph on an Abelian group. Then peG) ::::; 
ltd(G)J + l. 
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